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Abstract

Let g be an odd prime and y be the non-principal Dirichlet character mod g. In

this paper, the authors studied the mean value of the classical Cochrane sums

twisted by y and gave an asymptotic formula for it.
1. Introduction

Cochrane introduced a sum such as
L a ah
ct. )= 2 ((FF))
(h, q) ; . 7

which is analogous to Dedekind sums and we prefer to call Cochrane
sums. Here ¢ is a positive integer and A is an arbitrary integer, aa =1

(mod @),
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(x)) = {x - [«] —%, if x is not an integer,

0, if x is an integer,
and Z' denotes the summation over all @ with 1<a<g, (a, q) = 1.

Various properties of Cochrane sums have been investigated by many

scholars. For example, Zhang and Yi [6] obtained the upper bound as
C(h, q)<q"/*1(q)1og? q,

where 7(q) is the Dirichlet divisor function. In [7], Zhang studied the
mean square value and obtained for g > 2,

d 5 (p+1?2 1 11!
X (e ]

r*|q p p

+0(g' W), )

where ¢(q) is the Euler function. Zhang [8, 9] also studied the mean
value weighted by Kloosterman sums. Furthermore, Lu and Yi [1] gave
an asymptotic formula for the mean square value over short intervals.

It 1s quite natural to consider the corresponding sums twisted by
Dirichlet characters. Suppose % is a Dirichlet character mod ¢, the
twisted Cochrane sum is defined by

con- X)) e

amod g

It is clear that ((-x)) = ~((x)), thus C, (h, q) = 0, if x(-1) = 1. Quite

recently, Ren and Yi [3] obtained an asymptotic formula for the mean

square value as ¢ =1 (mod 4) being a prime and y being the Legendre

symbol mod ¢q. This present note focuses on the mean square value
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q
D IC, . a)f,
h=1

for an arbitrary character y mod g with y(-1) = 1.

Theorem 1. Let ¢ be an odd prime and 7y be an arbitrary non-

principal character mod q with y(-1) = 1. We have

q
1
DI,k @) = 2—4q20(x, q) + O(qlog" q),
h=1 n

where the O-constant is absolute and

x(p)=1_
< 1] Hl——“p) (- 2o)! {1_@}@_%@»—1}
2 2 ’
7 3

where ((s) and L(s, y) denote the Riemann zeta function and Dirichlet

L-function, respectively.
2. Proof of the Theorem

First, we introduce the classical Kloosterman sums. Let m, n, and ¢

be integers, ¢ >1, the classical Kloosterman sum is defined by
g Do) - ' (ma+na
(m, n; c) Z e(—c ,
amod ¢
where e(x) = ¢?™*  The well-known estimate essentially due to Weil [5]
is
IS(m, n; c)| <cl/2(m, n, C)l/ZT(C),

where (m, n, ¢) is the greatest common divisor of m, n, and c. The twisted

Kloosterman sum is defined by
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’ + a
Sym i)=Y pla)e( MEET),
a mod ¢

which enjoys the same upper bound
S, (m, n; c)|<cl/2(m, n, C)l/QT(C). (3)

The estimate (3) plays a quite important role throughout this paper.
Now, we consider the mean square value
N 2
DI,k ),

h=1

for an odd prime ¢ and y mod g with x(-1) = 1. By introducing the

Fourier expansion,

@) =g 3 %) | o(N), for x € R, N > 0,

0<[n|< N
we have
1 S, (m, hn; q) 1
Cylh,q)=-— —— ——— +O0(aN"")
4n 0<|m|< N 0<|n|<N
1 ' S, (m, hn; q)
- mn

2
4n 0<|m|< N O<n|< N

+0(g 2 1og? N + gN'1).
Thus from (3), we have

q

>C, k9

h=1

2

9 , ;S hn:
_ 1 Z —X(m’ n a) + O(tfl/2 logZ N + gN71)

B 4 mn
167 h=1|0<|m|< N 0<|n|< N

1
6t

W(h, g) + Olglog* N + ¢*N% + N"1¢/% 10g2 N),
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where

2
' S, (m, hn; q)
mn '

W(h, q) =
h=1|0<|m|< N 0<[n|< N

Opening the square in W(h, q), we have

q
W 1 Z o
(h, q) = Sx(mlv hnl; Q)Sx(m2’ hI’L2; Q)

mimonin
0<|my .| mgl.|my |ng | < N T L1T2I2

(mimgmng, q)=1
For (mymgningy, q) = 1, we have
q

S, (my, hny; q)S, (mg, hng; q)
h=1

Z' Z' X(ab_)e(mla ; m2bj Zq:e(h(nlc_tq— n25)j

amod ¢ bmod q h=1

a0 Y Y dlab)e M

amod g bmodq
nj@=ngb(mod q)
V2
= x(mny)q”,
if myn; = mgng(mod q), and it vanishes otherwise. Hence
2 w(ning )
W(h, q) = q ZZZ P
mymaning
0<|my |,lmg],|m |,[ng| < N
miny =mgng(mod q)

(mimgning,q)=1

Now, we separate the summations over m;, mg, ny,and ny into two

parts, namely,

LRI )HISRY NI

miny =mongy miny #mong
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The terms with myn; # mgng contributes to W(h, ¢) at most

nn
2q2 x(ning)
mymgning
0<|my|,|mg].[m ], [ng[< N
g|m1n1 -mgng >0
(mymgning,q)=1

Y L

m <N ™ k<N/q

X(n1)
Z nl(mlnl +kq)

n1<

Z x(ng)

ngo <N

<<q10g4 N,

where we have used Abel’s summation formula and the Pélya-Vinogradov
bound (see [2, 4])

max 1/2
M, N

xu(n)

M<n<M+N

<q'“logq.

Therefore,

nq n.

W= FIFF  HIL L o)
O<|my],|mg ), Jmg|< N 122
miny =mgn9
(mymgning,q)=1

Since y(-1) = 1, thus

W) -82 33T m’i(,Z;’jf,22+O(qlog N)

1<my,mg,ny,ng <N
miny=mang
(mimgmng,q)=1

2

= 8¢* Z % Z 1(d)| +O0(qlog* N)

n
n< N2 dln
d,njd<N
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2 2
' 1
=8g® Y L Z (@) +8® > | D @)
i<k Nen<nZ | dn
dn/d<N d,n/d<N

+O(q log4 N)

_SqQZ

n<N n

Zx(d)

dn

[ Z’ %]+ O(qlog* N)

n>N

- SQZZ

n>1

+O{ ZZ T (n)JJrO(qlog N)

n>N

= 8¢%A(x, ¢) + O(N'¢% log® N + g log* N),

where

Apa) =Y &

n>1 1

Zx(d)

is a constant depending only on g and .

Hence
Zlc (h, @) = —5 a*A(x, 9)+ O(glog* q), @

by taking N = q3.
Now it suffices to compute A(y, q). Suppose y is a d-th(d > 1)
character mod g, that is, x%(a) = 1 for each a with (a, ¢) = 1, we obtain

from the Euler product and the fact 1+ y(a)+ -+ % (a) = 0 for all a
with (a, ¢) =1, x(a) # 1 that
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2

A= T] X

(p,q)=1k>0

D )

s/ p*

= Z;Tk|1+x(p)+-~+xk(p)l2

(p,q)=1k>0

) g R

wp)=1k>0 P

2 3
= B(y, q)H [(1——} +2p_4(1—i2J ],
1(p)=1 p

where

Bwa) = [] 2;7“ +(p) + -+ 1" ()

- 11> > ;W|1+x<p)+~-+xf(p>|2

x(’p)¢1
- (1_)[_1[ . j ldilﬂx(p);%w (p)]
o)t
~coieee of TT [[1-282)a e
o

+(1 X}Ep)]( - 7(p))” }+O(q‘2),
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where {(s) and L(s, ) denote the Riemann zeta function and Dirichlet

L-function, respectively. Hence

p

Al ) = c@ILE f Kl - Lf;”j - 2p)" + (1 - &I;)J - z(p))l}
(p.q)=1 p

x(p)#1

) -3
x H (1—%} +2p_4[1—%J +0(¢72).
x(p)=1 p p

The theorem follows immediately by inserting the expression of A(y, q)

to (4).
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